We explain how a version of Floer homology can be used as an invariant of symplectic manifolds with b1 > 0. As a concrete example, we look at four-manifolds produced from braids by a surgery construction. The outcome shows that the invariant is nontrivial; however, it is an open question whether it is stronger than the known ones.
On a symplectic manifold with nonzero first Betti number, there is a distinction between symplectic and Hamiltonian vector fields. This is usually perceived as adding to the difficulty of understanding such manifolds, and indeed it raises many questions, some of which are still open (for instance, the flux conjecture [5] ). But the additional complexity also means that more symplectic invariants become available. The aim of this note is to draw attention to one of these, which we call "non-Hamiltonian Floer homology". The concept is by no means new, but it has been underrated a bit, partially because the first computations were in cases where it reduces to a version of ordinary homology [6] .
To demonstrate its usefulness, we consider a construction that associates to any d-stranded braid (to be precise, framed spherical transitive braid) a symplectic four-manifold with fundamental group Z × Z/d. This is a variation of earlier constructions due to Smith [13, 12] , McMullen-Taubes [9] and Fintushel-Stern [2, 3] . Braids can be represented as diffeomorphisms of a punctured two-sphere. Moreover, these representatives can be chosen to be symplectic, and then there is a symplectic Floer homology group measuring their fixed point theory. We will prove that the non-Hamiltonian Floer homology of the associated fourmanifold recovers this Floer homology of the braid (more precisely, recovers its total dimension).
At present, it is an open question whether the same information could be obtained from Gromov-Witten theory, or even from more classical topological invariants. Non-Hamiltonian Floer homology is not invariant under deformations of the symplectic class, which seems to indicate that it cannot be expressed in terms of Gromov-Witten invariants alone. This still does not quite answer the question, so the importance of our results remains somewhat dubious; which is one reason why this is only an announcement, containing no proofs.
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Floer homology
Let (M, ω) be a closed symplectic manifold. To any symplectic automorphism φ of M one can associate its Floer homology group HF * (φ), which is a finitedimensional Z/2-graded vector space over the "universal Novikov field" Λ. We will use Floer homology only for manifolds of dimension ≤ 4, where the definition becomes considerably easier (as a consequence of "weak monotonicity"). Here are some basic properties:
is the vector space dual of HF * (φ), (iii) for any φ, ψ there is a canonical isomorphism HF * (φ) ∼ = HF * (ψφψ −1 ), (iv) HF * (φ) is invariant under Hamiltonian isotopies of φ.
We emphasize that HF * (φ) is not in general invariant under symplectic isotopies (an exception is the case when id − φ * : H 1 (M ; R) → H 1 (M ; R) is an isomorphism, because then any symplectic isotopy of φ can be replaced by a Hamiltonian isotopy followed by conjugation).
Floer homology can be formally described as Morse theory for the action functional on the twisted free loop space L(M, φ) = {u ∈ C ∞ (R, M ) : u(t) = φ(u(t + 1))}. More concretely, it is the homology of a chain complex whose generators are the fixed points of φ (in the generic situation where these are nondegenerate). The grading is given by the Lefschetz index sign(det(1 − Dφ)). This implies that the Euler characteristic of Floer cohomology is the Lefschetz fixed point number:
For more information about the construction of Floer homology, see [1] , [11] .
There is a considerable amount of additional structure on these groups, which we will not mention at all here.
An example: Floer homology for braids. On the two-sphere S 2 , choose a set ∆ = {z 1 , . . . , z d } of d ≥ 2 marked points. Around each of these points choose distinguished local coordinates, which means an oriented embedding ι : D ǫ × {1, . . . , d} → S 2 with ι(0, k) = z k , where D ǫ is the closed disc of radius ǫ > 0. Let G d be the group of diffeomorphisms φ : S 2 → S 2 which preserve ∆ and are compatible with the local coordinates, in the sense that φ(ι(z, k)) = ι(z, σ(k)) for some permutation σ ∈ S d . The framed spherical braid group is defined to be π 0 (G d ). An element β of this group will be called a transitive braid if the induced permutation of ∆ is σ = (12 . . . d).
To associate a Floer group to a transitive braid, choose a symplectic form on S 2 such that ι is symplectic with respect to the standard form on D ǫ . By Moser's lemma on volume forms, β has a symplectic representative φ. Consider
We are overstepping the bounds slightly, since we did not originally introduce Floer homology for manifolds with boundary. However, this is not really a problem: by transitivity of β, there are no fixed points on the boundary, and an easy maximum principle argument shows that the "connecting orbits" of Floer theory never touch the boundary. (An alternative way of defining HF * (β) is to glue in a torus to each boundary component, which yields a closed genus d surface. One can extend φ ′ to a symplectic map of this surface which permutes the tori transitively, and then define HF * (β) to be the Floer homology of this extension. The techniques of [10] ensure that both approaches yield the same result.) Again using Moser's lemma, we know that the representative φ is unique up to symplectic isotopies within G d . All such isotopies are Hamiltonian, even though the Hamiltonian functions involved do not necessarily vanish near ∂S ′ . As a consequence (2) is independent of the choice of φ. This is evident if one defines HF * (β) in terms of the closed genus d surface, since the induced isotopy on that surface is Hamiltonian. If one wants to stay on S ′ , the proof requires another application of the maximum principle to solutions of the "continuation" equation.
It is not entirely clear how much information HF * (β) contains. Conjugate braids have the same Floer homology, by (iii) above. A "neck-stretching" argument in the spirit of [10] , using the transitivity of β, shows that Floer homology does not really see the framings: if τ ∈ G d is a Dehn twist along a small loop encircling just one point of ∆, then HF * (β) ∼ = HF * (β • [τ ]) for all β. On the positive side, Nielsen theory provides a nontrivial lower bound. Recall that for each connected component l ∈ π 0 (L(S ′ , φ ′ )) of the twisted free loop space there is a Nielsen number N l (φ ′ ) ∈ Z, which counts (with the usual sign) the fixed points whose associated constant paths lie in that component. Floer homology admits a corresponding splitting into direct summands, whose Euler characteristics are
this is a refinement of (1). As a consequence
This is a general feature of Floer homology, not at all limited to braids, but it is particularly relevant in this case due to the richness of π 1 (S ′ ). For all I know, (3) might be an equality for all transitive β (note however, that there are plenty of counterexamples among more general surface diffeomorphisms, starting with Poincaré's geometric theorem).
Non-Hamiltonian Floer homology. Let M be a closed symplectic manifold. To any a ∈ H 1 (M ; R) one can associate a Hamiltonian isotopy class of automorphisms: it consists of maps φ a which can be obtained from the identity by a symplectic isotopy with Calabi class a (see [8, Chapter 10] for a thorough discussion; what we call the Calabi class is the "flux" in their terminology, and moreover our sign convention is opposite to theirs). The "non-Hamiltonian Floer homology" HF * (φ a ) is an invariant of (M, a). From the properties stated above one sees that for a = 0 it is ordinary homology; that the groups associated to a and −a are dual; and that HF * (φ a ) ∼ = HF * (φ a+γ ) for all γ in the flux subgroup Γ ⊂ H 1 (M ; R) (again, this is defined in [8] ).
For monotone symplectic manifolds (of arbitrary dimension) HF * (φ a ) can be determined completely. This has been done by Lê and Ono in [6] ; their result, stated in a slightly different form, is The assumption on N can probably be dropped, in view of the technical developments which have occurred in the meantime. On the other hand, the monotonicity condition is essential, as we will see now.
Given an arbitrary symplectic automorphism ψ of M , one can form the symplectic mapping torus E, which is the quotient of
, with the obvious product symplectic structure. Informally speaking, the purpose of mapping tori is to make maps isotopic to the identity. In our context, this means that the symplectic automorphism φ of E given by (s, t, x) → (s, t, ψ(x)) is the time one map of the symplectic vector field ∂/∂t. In terms of the notation introduced above, φ = φ a with a = [ds] ∈ H 1 (M ; R).
On a naive level, this "suspension" isomorphism reflects the fact that each fixed point of ψ gives rise to a T 2 of fixed points of φ. Note that mapping tori are never monotone: and indeed, in contrast to Theorem 1, non-Hamiltonian Floer homology does not reduce to a form of ordinary homology. Another obvious remark is that non-Hamiltonian Floer homology depends not only on a, but also on the cohomology class of the symplectic form. Indeed, if one rescales a by some small amount and keeps the symplectic form on E, then all fixed points of φ a disappear; and the same happens if one keeps a fixed and changes the symplectic form to δ(ds ∧ dt) + ω, for δ / ∈ Z.
For the purposes of four-dimensional symplectic topology, Proposition 2 is not very satisfactory, since the mapping tori of surface diffeomorphisms have highly nontrivial fundamental groups, so that one can often distinguish between them on topological grounds.
Path components. When explaining (3), we had already mentioned the decomposition of HF * (φ) into direct summands corresponding to components of the twisted free loop space. For φ = φ a which is homotopic to the identity, this is just the ordinary free loop space, so summands are enumerated by conjugacy classes in π 1 (M ). For our purpose, it is sufficient to have a coarser splitting, which distinguishes only homology classes. We denote this by
HF * (φ a ; c).
The duality between HF * (φ a ) and HF * (φ −a ) relates the components belonging to c and −c. Some examples: in Theorem 1 only the summand corresponding to c = 0 is nonzero. In fact, the proof of that result is essentially by deformation to a = 0, where one can arrange that all fixed points lie in the trivial connected component. In Proposition 2 there can be several nontrivial summands, but all of them are for c = 0. The reason is that the isotopy from the identity to φ(s, t, x) = (s, t, ψ(x)) winds once around the base T 2 in t-direction.
A surgery construction
Let β be a transitive framed spherical braid on d strands. We choose a symplectic representative φ as in the previous section. Let M 1 = (S 1 × R × S 2 )/Z be the symplectic mapping torus of φ. The "graph of the braid" is a canonical symplectic torus H 1 ⊂ M 1 : it is the image of the embedding
Because we are working with framed braids, the normal bundle of H 1 has a canonical trivialization.
Moreover, vol(H 1 ) = d. Next take M 2 = T 4 with the disjointly embedded tori
where the ξ r are all different. We identify each of these tori with T 2 by using coordinates in the given order. Their normal bundles have preferred (translationinvariant) trivializations. Equip M 2 with some constant symplectic form which makes all the H ′ k symplectic, and such that vol(H ′ 1 ) = d. The remaining parts M 3 , M 4 will be elliptically fibered K3 surfaces, with embedded tori H 3 ⊂ M 3 , H 4 ⊂ M 4 which are the fibres. We identify them with T 2 in an arbitrary way, and use the standard trivialization of their normal bundles (given by the fibration). The symplectic forms should be normalized in such a way that
. Now glue together all these pieces by Gompf-style sums, pairing the tori H k with H ′ k for k = 1, 3, 4. The outcome (keeping the choices of M 2 , M 3 , M 4 fixed) depends up to symplectic isomorphism only on the conjugacy class of the framed braid β. We denote it by M β .
The idea can be summarized as follows. By deforming φ to the identity inside Dif f (S 2 ), one can identify M 1 with T 2 × S 2 . From this point of view, the twotorus H 1 ⊂ T 2 × S 2 is knotted in a way which is determined by the braid (as observed in [3] and [13] , one can use the fundamental group of the complement to verify that many different knot types occur). At this point, one could choose to directly glue in a K3 surface to H 1 . This is an appealing possibility, somewhat similar to [3, Section 5], but since the resulting fundamental group is Z/d, nonHamiltonian Floer homology cannot be applied in a meaningful way. The role of the intermediate piece M 2 , which we have borrowed from [9] and [12] , is to let a slightly larger part of π 1 (M 1 \ H 1 ) survive.
Topological aspects. As has been already mentioned,
More explicitly, let z 0 ∈ S 2 \ ∆ be a fixed point of φ, and consider the loops 
Note that d 1 is the first longitude of H 
can be represented by the disjoint union of 6d − 2 embedded symplectic tori, each of which has trivial normal bundle: 2d − 2 parallel copies of H 1 , and 2d copies of H 3 and H 4 each (see [12] for how to do this kind of computation). The next step would be to compute the homology of the universal cover, as a π 1 (M β )-module, and the intersection form on it (presumably, that goes a long way towards determining the homeomorphism type of M β ). We have not done this, but informal considerations suggest that it might turn out to be the same for all β.
Floer homology. Let a 1 ∈ H 1 (M β ; R) be the unique class with a 1 , [l 1 ] = 1. The next result determines certain summands in the splitting (4) of the nonHamiltonian Floer group HF * (φ a1 ).
Consider the direct sum of the groups HF * (φ a ; c) where a ranges over the two generators of
, and c over all nonzero torsion elements of H 1 (M β ; Z). Using the duality between HF * (φ a ; c) and HF * (φ −a ; −c) one computes that the total dimension of the direct sum is 8 dim(HF * (β)). On the other hand, the direct sum is defined without reference to any particular basis of homology. As a consequence:
As in our discussion of mapping tori, HF * (φ a ; c) becomes zero if one changes the symplectic class slightly, by changing the area of the T 2 factor in M 1 , and rescaling the symplectic forms of the other M k accordingly. However, one can compensate for this by rescaling a, and recover the Floer homology groups in this way. Of course, it is not clear what happens under "large" deformations of the symplectic class.
The proof of Theorem 3 consists of two steps. The first is a variant of Proposition 2 adapted to surfaces with boundary. The second step is a "Mayer-Vietoris" argument in which one considers the behaviour of Floer homology under Gompf sums. In general this is a hard problem, as a look at the formulae for GromovWitten invariants shows [4, 7] , but the particular case needed here is fairly simple. The reason is essentially topological: the components c which we are interested in lie in the image of H 1 (M 1 \ H 1 ; Z) → H 1 (M β ; Z), but not in that of
. Therefore only the fixed points lying in M 1 \ H 1 are relevant, which are precisely those coming from the braid.
Finally, we would like to point out that non-Hamiltonian Floer homology also merits some attention in higher dimensions. For instance, take a symplectic manifold M with an automorphism φ that is differentiably, but not symplectically, isotopic to the identity (in dimension ≥ 4, plenty of such exist). Then the symplectic mapping torus E is diffeomorphic to T 2 × M but with a potentially nonstandard symplectic structure, which one could try to detect using Proposition 2. There are also examples of "fragile" symplectic automorphisms, which become symplectically isotopy to the identity after a slight change of the symplectic class [11] . In that case, one can hope to show that E is symplectically deformation equivalent, but not symplectomorphic, to T 2 × M .
